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Abstract: Motivated by the string landscape we examine scenarios for which in-
flation is a two-step process, with a comparatively short inflationary epoch near the
string scale and a longer period at a much lower energy (like the TeV scale). We
quantify the number of e-foldings of inflation which are required to yield successful
inflation within this picture. The constraints are very sensitive to the equation of
state during the epoch between the two inflationary periods, as the extra-horizon
modes can come back inside the horizon and become reprocessed. We find that the
number of e-foldings during the first inflationary epoch can be as small as 12, but
only if the inter-inflationary period is dominated by a network of cosmic strings (such
as might be produced if the initial inflationary period is due to the brane-antibrane
mechanism). In this case a further 20 e-foldings of inflation would be required at
lower energies to solve the late universe’s flatness and horizon problems.
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1. Introduction and Summary
The search for inflationary solutions within string theory is still young, but consider-
able progress has been made over the past several years. Most of this recent progress
began with the recognition that the separation of two branes could function as an
inflaton [1], and that configurations of branes and antibranes together break super-
symmetry in a calculable way, potentially allowing the explicit computation of the
resulting inflaton dynamics[2, 3, 4, 5, 6, 7].1 Direct contact with string theory also
became possible [9] with the recognition that moduli stabilization can be achieved
at the string scale within a controllable approximation [10, 11].
Despite it still being a young topic, it is possible to draw some preliminary
conclusions about the implications of embedding inflationary cosmology into string
theory. In particular, the following two features are seen in a large set of models [12].
1For recent reviews with more complete references, see ref. [8].
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• It is no easier to obtain 60 e-foldings of inflation within string theory than in
other models. For all of the known examples of inflation within string theory
there are parameters and/or initial conditions which must be carefully tuned.
The problem arises because inflation typically occurs at energies near the string
scale, and so there are no particularly small dimensionless numbers from which
to obtain inflation. Of course, the fewer e-foldings which are demanded, the
less precise are the adjustments that are required.
• Although the most recent progress has focused on Type IIB vacua having few
moduli, supersymmetric string vacua are usually littered with moduli, which
generically acquire masses only after supersymmetry breaks. Thus we generi-
cally find numerous scalar fields whose masses are comparatively small, since
they are close to the weak scale, Mw. Scalars of this type are usually anathema
for cosmology since they cause a host of problems for cosmology [13] during
the Hot Big Bang.
It has been suggested that these two problems may be each other’s solutions
[12, 14]. For instance, suppose many fewer than 60 e-foldings of inflation occur up at
the string scale, whose quantum fluctuations generate the large-scale structure which
is presently visible as temperature fluctuations in the Cosmic Microwave Background
(CMB). In this case the remaining e-foldings of inflation required by the horizon and
flatness problems might plausibly be obtained during later epochs, when the many
moduli are rolling around in the complicated potential landscape which is generated
by low-energy supersymmetry breaking. This later period of inflation might be due
to a mechanism which depends on the more complicated potentials expected in a
low-energy theory involving very many would-be moduli, perhaps along the lines
proposed in ref. [15, 16]. Besides solving the horizon and flatness problems, if it
occurs at the weak scale this second stage of inflation could also solve some of the
problems associated with moduli along the lines suggested in ref. [17].
Thus, it may be that a more generic picture of inflation within string theory
is a two-step (or multi-step) process — as in Fig. 1 — given what we know about
the low-energy potential landscape. If so, then there would be several observational
consequences.
1. The observed CMB temperature fluctuations should not be deep within the
slow-roll regime, since Ne < 60 implies the slow roll parameters are likely to be
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Figure 1: A sketch of the Hubble scale, H, during a two-step inflationary process. We
imagine the first step to involve a minimal number of e-foldings at the string scale, followed
by more e-foldings at the electroweak scale.
larger: η ∼ 1/Ne > 0.02. In particular perhaps the slow-roll parameters might
instead be of order 1/Ne ∼ 0.1 or larger. If so, then phenomena like kinks in the
inflationary spectrum or a running spectral index would be much more likely to
arise at observable levels. This realizes the folded inflation scenario [14], albeit
with a long hiatus between inflation in the different directions in the landscape.
This model is naturally compatible with a sizable tensor contribution to the
observed spectrum of CMB anisotropies.
2. A period of late inflation would require the explanation of any post-inflationary
processes like baryogenesis to take place at energies as low as the electroweak
scale, with all of the associated observational implications which this would
imply.
This paper examines the consequences of this kind of two-step inflationary cos-
mology. Our goal is to determine the minimal amount of inflation needed at high
energies to produce the CMB temperature fluctuations, and how this minimal amount
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depends on the subsequent history of the universe.2 We employ general arguments
based on energy conservation, and construct explicit toy models for inflationary po-
tentials which exhibit multiple inflationary periods.
We note in passing that while the kind of two-stage inflation envisioned here may
well involve less fine-tuning than a single, longer stage of inflation at higher energies.
However, very unusual inflationary trajectories may still be “preferred” if they lead
to vast amounts of inflation, as the low probability of such a hypothetical trajectory
may be offset by the vast volume of space it produces [19].
The remainder of the paper is organized as follows. §2, which follows immedi-
ately, describes the bounds on the amounts of inflation which can be derived using
only general arguments about the size and equation of state of the universe. This
is followed, in §3, by a description of a toy field theory which has been designed to
produce a simple concrete example having multiple inflationary epochs. In an ap-
pendix we present the most general set-up of multiple inflation and the total number
of e-foldings required to solve the horizon problem. Our conclusions are summarized
in §4.
2. General Constraints
Here we determine some general constraints on the number of e-foldings need in
any two-step inflationary model. Our analysis follows closely that of ref. [20]. The
essential features of the inflationary process we assume are captured by Fig. 1. This
figure shows the Hubble scale over two inflationary epochs, followed by power-law
evolution for the scale factor.
The constraints quantified in this section are of three types. First, we must ask
for the total amount of expansion to be large enough to solve the horizon and flatness
problems in the way which motivated inflationary scenarios in the first place. Second,
we demand that the first inflationary phase lasts long enough to generate all of the
primordial fluctuations which are observed on long scales during the present epoch.
Finally, we require that none of the modes leaving the horizon during the first epoch
2Because our interest is in scenarios for which the second inflationary epoch occurs at the elec-
troweak scale, modes which leave the horizon during this epoch produce CMB fluctuations whose
amplitudes are too small to be visible. As such, it differs from previous two-step inflationary pro-
posals in the literature [18], which typically aim to produce an observable feature in the present-day
large-scale structure.
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of inflation are reprocessed in an observable way during the subsequent evolution of
the universe.
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Figure 2: A sketch of the comoving Hubble scale during a two-step inflationary process.
We plotted ln(H−1/a) versus ln(a). During inflation by definition the comoving Hubble
length decreases, otherwise it increases as it is shown in the figure. We parameterized the
phase between the two inflationary epochs by a generic power law behavior with n ≤ 1. For
n = 2/3 the Universe will be dominated by the matter dominated epoch, for n = 1/2 the
Universe is filled with radiation and for n = 1 the expansion is dominated by the network
of strings.
2.1 Cosmological Kinematics
In order to derive the constraints implied by these conditions, it is convenient to plot
the quantity ℓ = 1/(aH) against a, where a is the scale factor and H = da/dt, as in
Fig. 2. Inflationary epochs appear on such a plot as regions for which ℓ shrinks as
a increases, while for ordinary matter- or radiation-dominated epochs ℓ is a growing
function of a. Since scales leave the horizon when their co-moving wave-number, k,
satisfies k/a = H , the epochs when a particular mode is inside (or outside) of the
horizon corresponds to the times when the curve for y = ℓ falls below (or above)
a horizontal line drawn at y = 1/k. For instance, the uppermost of the horizontal
dotted lines in Fig. 2 corresponds to the scale, k0, which is just re-entering the horizon
at the present epoch.
As the picture makes clear, the last modes to leave the horizon during the first
epoch of inflation subsequently re-enter the horizon during the interval before the
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second inflationary period. The lower line in Fig. 2 represents the critical scale,
kc, which is the last scale to re-enter in this way before the second inflationary
epoch. The standard inflationary calculations for the density fluctuations produced
by a mode assume that it does not get reprocessed in this way by the intermediate
evolution between its initial horizon exit and its re-entry inside the horizon during
the present epoch, and so in what follows we simplify the problem by demanding
that none of the modes which are currently observable get reprocessed in this way.
Our goal is to quantify the conditions which must be satisfied by the number of
e-foldings, NI and NII , which occur during the two inflationary periods, defined as
follows:
eNI(k) ≡ aI
ak
, eNII ≡ aII
aRH,I
. (2.1)
Here aI (and aII) is the value of the scale factor at the end of first (and second)
phase of inflation, while aRH,I similarly denotes the scale factor at the end of the
‘reheating’ period which occurs in between the two bouts of inflation.
Of particular interest is how short it is possible to make the initial inflationary
period, NI . For this reason it is also convenient to define the number, N˜ , of e-foldings
of expansion between the time the critical scale kc leaves the horizon until the end
of first inflationary period:
eN˜ ≡ aI
akc
. (2.2)
Since NI > N˜ , it is important to know how large N˜ must be, for various choices for
the intermediate inflationary physics.
Following [20], we may derive a relationship amongst the quantities NI , NII and
N˜ , by expressing the condition that a particular mode, k, which enters the horizon
at late times also left the horizon during the first inflationary epoch. That is, if a
mode, k, leaves the horizon when the scale factor and Hubble scale had values ak
and Hk, then the defining condition k = akHk implies:
k
a0H0
=
akHk
a0H0
=
(
ak
aI
)(
aI
aRH,I
)(
aRH,I
aII
)(
aII
aRH,II
)(
aRH,II
aeq
)(
Hk
Heq
)(
aeqHeq
a0H0
)
= e−NI(k)
(
aI
aRH,I
)
e−NII
(
aII
aRH,II
)(
ρRH,II
ρeq
)−1/4(
Hk
Heq
)(
aeqHeq
a0H0
)
.(2.3)
To obtain the final line above, we used the fact that ρr ∝ a−4 to replace aRH,IIaeq , along
with the Hubble scale at the present time, H0, and at radiation-matter equality, Heq.
– 6 –
Cosm. Const. String Network Matter Radiation Kinetic Dom.
w −1 −1/3 0 1/3 1
r 0 2 3 4 6
n ∞ 1 2/3 1/2 1/3
Table 1: The parameters n and r discussed in the text for some choices for the equation
of state parameter w = p/ρ.
In what follows we take H0 = h (100 km/s/Mpc) = 1.75× 10−61 hMp, where h ≈ 0.7
and Mp = G
−1/2 is the Planck mass (in units for which ~ = c = 1). Similarly,
Heq = 5.25 × 106 h3Ω2mH0 [21], where Ωm ≈ 0.25 is the present matter density in
units of the critical density. Finally, the ratio of the product aH at present and at
radiation-matter equality is known to be aeqHeq/a0H0 ≈ 219Ωm h [21].
During the inflationary periods we assume the energy density to be approxi-
mately constant, ρI ≈ ρk ≈ ρkc ≈ VI , leading also to a constant Hubble scale
HI ≈ Hk ≈ Hkc ≈
(
8πVI/3M
2
p
)1/2
. Similarly ρRH,I ≈ ρII ≈ VII and HRH,I ≈ HII ≈(
8πVII/3M
2
p
)1/2
.
Finally, we must assume an equation of state during the two reheating epochs.
For convenience we parameterize the expansion rate during these epochs by a power
law, a(t) ∝ tn, which is equivalent to ρ(a) ∝ a−r with r = 2/n, or to a constant
equation-of-state parameter w = p/ρ = (2/3n)−1. Some common values of all three
parameters are listed in Table 1.
The relation (aII/aRH,II) = (VII/ρRH,II)
−1/rRH,II follows with these choices for
the second reheat epoch, where rRH,II = 2/nRH,II parameterizes the equation of
state as above. If, for instance, this reheating occurs due to the decay of a coherently
oscillating inflaton field then rRH,II = 3, as is appropriate for a matter-dominated
universe. Since, for numerical applications, we typically assume instant reheating for
simplicity — i.e. ρRH,II ≈ VII — our results are not sensitive to the value of rRH,II .
A simple expression may be derived for N˜ , as a function of n = nRH,I and the
energy densities during the two inflationary epochs. Notice that during the inter-
inflationary period ρ ∝ H2 ∝ 1/t2 ∝ a−2/n and so ln[1/(aH)] = [(1 − n)/n] ln a.
Because this is an increasing function of a provided 0 < n < 1, for n in this range
there are modes which re-enter the horizon during this epoch, making N˜ nonzero.
Since VI/VII = ρI/ρRH,I ∝ (aRH,I/aI)2/n, akcHkc = aRH,IHRH,I (see Fig. 2) and
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HRH,I/Hkc = HII/HI = (VII/VI)
1/2, it follows that
aRH,I
aI
=
(
aRH,I
akc
)(
akc
aI
)
=
(
HI
HII
)(
akc
aI
)
=
(
VI
VII
)1/2
e−N˜ . (2.4)
But since VI/VII = (aRH,I/aI)
2/n we may eliminate either VI/VII or aRH,I/aI from
this equation to obtain
N˜ =
(
1− n
2
)
ln
(
VI
VII
)
=
(
1− n
n
)
ln
(
aRH,I
aI
)
. (2.5)
As expected, this is positive for 0 < n < 1, and vanishes in the special case n = 1,
since in this case aH is a constant during the inter-inflationary period (corresponding
to a horizontal line in Fig. 2). For example, choosing V
1/4
I = 10
16 GeV, V
1/4
II = 10
3
GeV and n = 2/3 (as for matter domination) implies N˜ ≈ 20.
Substituting eq. (2.4) into eq. (2.3), taking a logarithm and rearranging gives
NI(k) +
nN˜
1− n +NII = − ln
(
k
a0H0
)
+
1
rRH,II
ln
(
ρRH,II
VII
)
+
1
4
ln
(
ρeq
ρRH,II
)
+ ln
(
1
Heq
√
8πVk
3M2p
)
+ ln(219Ωmh). (2.6)
Further simplifying by assuming instant reheating after the second phase of inflation
(i.e. ρRH,II = VII), specializing to the mode, k0 = a0H0, which is presently entering
the horizon and using the numerical values for quantities at radiation-matter equality
gives:
NI +
nN˜
1− n +NII = 68.5 +
1
4
ln
(
V 2I
VIIM4p
)
, (2.7)
where we define NI ≡ NI(k0). Finally, making use of eq. (2.5) to eliminate N˜ gives
NI +NII = 68.5 +
1
4
ln
[
VII
M4p
(
VI
VII
)2(1−n)]
. (2.8)
This, together with eq. (2.5), is one of the main results of this section.
2.2 Constraints
We are now in a position to quantify the circumstances which minimize the lengths
of the two inflationary epochs. There are three conditions which the parameters NI
and NII must satisfy.
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1. We require that the initial inflationary epoch generate the large-scale tem-
perature fluctuations in the Cosmic Microwave Background (CMB) through
the usual mechanism. Since the density contrast, δ, generated in this way
is related to the inflationary energy density, VI , and slow-roll parameter ǫ =
1
16pi
(MpV
′/V )2 by [21]
δ2 =
32
75
(
VI
ǫM4p
)
, (2.9)
agreement with observations implies δ ≈ 10−5 and so VI/M4p ≈ 10−7 ǫ.
2. We require the initial inflationary epoch to last long enough so that its termi-
nation does not introduce any features into the observed large-scale structure.
The current horizon is of order H−10 ∼ 10 Gpc. On the other hand, those
modes on the order of 10 Mpc are starting to feel nonlinear effects, and it is
thus difficult to constrain primordial density fluctuations on smaller scales. We
thus require that the initial inflationary epoch last long enough to generate a
scale-invariant spectrum over scales differing by a factor of 103, and that these
modes not be reprocessed by the subsequent inter-inflationary evolution. This
corresponds to the requirement that there be at least
NI > N˜ + ln
(
103
) ≈ 6.9 + (1− n
2
)
ln
(
VI
VII
)
(2.10)
e-foldings during the initial inflation. For example, taking as before V
1/4
II = 10
3
GeV, V
1/4
I = 10
16 GeV and assuming matter domination during the inter-
inflationary epoch then implies NI >∼ 27.
3. Finally, eq. (2.8) states how much inflation there must be in total in order to
solve the horizon and flatness problems, as functions of the energies during
the inflationary epochs and the equation of state during the inter-inflationary
period. Using eq. (2.9) to eliminate VI from this equation gives the final result
NI +NII = 68.5 +
(
1− n
2
)
ln
(
107
ǫ
)
+
(
1− 2n
4
)
ln
(
M4p
VII
)
. (2.11)
We see that an absolute lower limit to the number of e-foldings of inflation which
is responsible for seeding the observed large-scale structure is NI ≈ 7, and this rock-
bottom value is only possible if either n = 1 or VII = VI . If one attempts to achieve
NI ≈ 7 by choosing VII = VI then the universe does not expand at all between the
inflationary periods, and this reduces to the situation of a single inflationary epoch.
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In this case the total duration of inflation is Ntot = NI +NII , which eq. (2.8) shows
must satisfy
Ntot = 68.5 +
1
4
ln
(
VII
M4p
)
= 64.5 +
1
4
ln ǫ . (2.12)
Clearly Ntot is then minimized in the usual way, by choosing VII = VI as small as
possible. For instance, in the extreme situation where VII ∼ (103 GeV)4 we have
Ntot ≈ 31.7. Such a scenario also requires an extremely slow roll, since eq. (2.9)
implies ǫ ∼ 7× 106(VII/M4p ) ∼ 10−57.
A more interesting scenario arises if n = 1, since in this case no modes ever re-
enter the horizon during the inter-inflationary period. Consequently, at face value,
N˜ = 0 and so NI can be as small as 7 without causing direct problems for CMB
observations. We now examine this situation in somewhat more detail. (In the ap-
pendix we provide a generalization of the two-fold inflationary results, eqs. (2.8,2.11),
to the case where there are multiple bouts of inflation, separated by intervening inter-
inflationary epochs.)
3. The Inter-Inflationary String Network
The previous section shows that if n = 1 (or w = −1/3) during the inter-inflationary
phase we are actually on the borderline between regular and inflationary expansion,
and the the quantity aH is approximately constant. As a result, modes neither exit
or re-enter the horizon. This kind of equation of state can arise if the energy density
of the universe is dominated by a network of cosmic strings. We now ask in a bit
more detail what would be required for the success of such a scenario.
In this case the constraints on the amount of inflation due to horizon and flatness
problems may be solved simply by adjusting NII to satisfy eq. (2.11), which may be
written in the form
NI +NII = 68.5− 1
4
ln
(
M4p
VII
)
. (3.1)
As we found previously for the case VI = VII , this can allow NI +NII to be as small
as 32 if VII is as low as 10
3 GeV. An important difference between the alternatives
n = 1 and VI = VII , however, is that if n = 1 the choice VII = 10
3 GeV does
not automatically imply an incredibly small value for the slow-roll parameter, ǫ,
during the first inflationary phase in order to explain the observed CMB fluctuation
spectrum.
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3.1 Mode Reprocessing
When n = 1, modes leaving the horizon during the first inflationary period auto-
matically remain outside the horizon during the inter-inflationary phase. At face
value there would appear no additional constraints on the inter-inflationary phase
coming from the requirement that these modes not be reprocessed between the two
inflationary epochs. However, in this scenario the modes which are just outside the
horizon remain just outside the horizon for this entire epoch, which can be for a very
long time if VI ≫ VII . We now ask in more detail how the proximity of these modes
to the horizon for such a long period might affect the density perturbations to which
they ultimately give rise.
We examine this issue within the relatively simple context where the energy
density during the inter-inflationary period is dominated by the evolution of a scalar
field, φ. In this case the evolution of the curvature perturbation R is governed by
the equation [27]
∂2τuk +
(
k2 − ∂
2
τ z
z
)
uk = 0, (3.2)
where uk is the Fourier component of the gauge-invariant potential, uk = |zRk|,
z ≡ aφ˙/H and τ denotes conformal time.
This equation admits analytic solutions during a period when the rolling of the
background field φ mimics a constant equation of state. That is, if p = 1
2
φ˙2 − V (φ)
and ρ = 1
2
φ˙2 + V (φ), then if p = wρ for constant w it is straightforward to see that
eq. (3.2) can be written
u′′k −
1
2
(1 + 3w)u′k +
[(
k
H0
)2
a(1+3w) − 1
2
(1− 3w)
]
uk = 0, (3.3)
where the primes denote differentiation with respect to ln a and H0 denotes H at an
initial epoch, for which a = a0. Notice that this equation is not valid for the special
case w = −1, which is the case of a pure cosmological constant, since in this case
the quantity z vanishes. The growing solution for this equation is solved in terms of
Bessel functions,
uk(a) = uk0 a
1
4
(1+3w)H(1)ν
[
2k a
1
2
(1+3w)
H0(1 + 3w)
]
, (3.4)
where
ν =
3(1− w)
2(1 + 3w)
, (3.5)
and the normalization constant, uk0, is left arbitrary.
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Because of the singularities in these expressions for w = −1/3, this case must be
treated separately. Specializing the starting point, eq. (3.3), to w = −1/3 gives the
simple form
u′′k +
(
k2 − 1
)
uk = 0, (3.6)
where for simplicity we choose units such that a0H0 = 1. It is trivial to integrate
this equation and see that the super-horizon modes (for which k < 1) behave like
uk ∝ a±
√
1−k2 . (3.7)
Our assumption that w is approximately constant implies the same also holds for φ˙,
and so if w = −1/3 then H ∝ 1/a further implies z ∝ a2. We therefore see that the
curvature perturbations on super-horizon scales evolve during the inter-inflationary
phase according to
Rk(a) = Rk(a0)
(
a
a0
)√1−k2−2
. (3.8)
This expression shows how density fluctuations hovering near the horizon get
reprocessed during the inter-inflationary phase. The resulting power spectrum is
PR(k) =
(
k3
2π
)
|Rk|2 , (3.9)
and so as the universe expands from aI to aRH,I between inflationary epochs the
power spectrum is modified according to
PR (k, aRH,I) = PR (k, aI)
(
aRH,I
aI
)2√1−k2−4
. (3.10)
We see that modes just outside the horizon (near k = 1) are reprocessed, and
this superimposes a k-dependence onto the power spectrum generated during the
first inflationary epoch. The corresponding spectral index is ns − 1 = d lnPR/d ln k,
and so
ns − 1 = (ns − 1)inf − 2k
2
√
1− k2 ln
(
aRH,I
aI
)
= (ns − 1)inf − k
2
√
1− k2 ln
(
VI
VII
)
, (3.11)
where the first term represents the contribution due to the inflationary phase and
the second equality uses eq. (2.5) to express the amount of expansion between the
inflationary epochs to the relative energy densities when inflation is taking place.
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This introduces a strong k-dependence for those modes with k near unity, which
corresponds to those which hover right on the horizon.
If we demand that the modes which are currently observable have not been
unacceptably processed in this way, then we may derive a minimal amount of e-
foldings which must take place after the last observable mode leaves the horizon
and before the onset of the inter-inflationary phase. Taking V
1/4
I ∼ 1016 GeV and
V
1/4
II ∼ 103 GeV, we see that ns − ns,inf ≈ −120k2/
√
1− k2, and so demanding this
quantity to be smaller than order 1% implies k <∼ 0.01.
Finally, we determine the number of e-foldings during the first inflationary phase
between the exit of modes having k ∼ 0.01 and those having k = 1, since this gives
the minimal amount of inflation which must occur after the exit of the last observable
mode before the inter-inflationary period can begin. Since aH must increase by a
factor of 100 during this period, it involves a total of N˜ ∼ ln 100 ∼ 5 e-foldings. If
fewer than this number of e-foldings occurs between the exit of observable modes and
the end of the first inflationary period, then the processing of these modes during
the inter-inflationary period would become unacceptably large.
These 5 e-foldings must be added to the roughly 7 e-foldings which must occur
while the observable scales exit the horizon, leading us to a bare minimum of NI >∼ 12
e-foldings during the first inflationary epoch if we are not to ruin the success of the
inflationary predictions for the CMB temperature fluctuations. As we have seen,
this must be followed by at least another 20 e-foldings of inflation during the second
inflationary epoch in order to successfully solve the late-time flatness and horizon
problems.
It would clearly be of considerable interest to more carefully compute the mode
reprocessing which can occur during the inter-inflationary phase in order to go beyond
the simplistic scalar-field model of this phase which is used here.
3.2 Obtaining a String Network
Can an inter-inflationary epoch with n = 1 can actually arise within our current
understanding of inflation? Since n = 1 corresponds to an equation of state w =
−1/3, it is what would be expected if a network of cosmic strings were to dominate
the universe immediately after the first inflationary epoch. But why wouldn’t the first
inflationary phase simply inflate away any cosmic strings which might be present?
Interestingly, it appears that post-inflationary cosmic strings can arise naturally
within the framework of brane-antibrane inflation, as cosmic strings are generically
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generated by the brane-antibrane annihilation which marks the end of the inflationary
phase [2, 22, 23]. We believe this to be a very intriguing possibility whose implications
are worth studying in more detail.
The resulting cosmic string network must have several properties in order for
this kind of cosmology to emerge.3 First, its energy density must dominate the
universe after the first inflationary epoch ends. Second, the string networks must be
sufficiently long-lived to allow them to dominate the energy density for an appreciable
period of time. Neither of these properties is generically true for strings which form
as defects during phase transitions in weakly-coupled gauge theories [28], as we now
see.
What is expected for the initial energy density of a string network within a
perturbative gauge theory is most easily estimated within a toy model, like the
electrodynamics of a charged scalar φ. The crucial quantity which determines the
properties of the string network is the correlation length, ξ, for the phase of φ at the
epoch when the temperature falls to the temperature TG at which the string network
freezes out. Since ξ depends strongly on temperature near a (second order) phase
transition — varying (in mean field theory) like ξ(T ) ∼ ξ0[1 − (T/Tc)2]−1/2 for T
below the critical temperature Tc ∼ v — it is important to include this temperature
dependence when performing the estimates of interest. Taking the scalar potential
to be V = λ(|φ|2 − v2)2, the zero-temperature correlation length, ξ0, is obtained
by equating φ’s derivative energy, v2/ξ20 and potential energy, λv
4, leading to ξ0 ∼
λ−1/2v−1. As the temperature falls below Tc, ξ shrinks and spatial fluctuations in
φ become increasingly suppressed. Once T sinks to TG, where T
4
c − T 4G ∼ λv4,
then thermal fluctuations are no longer sufficiently energetic to undo the energy
density locked up in vortex domains, and so according to the Kibble mechanism
[30], vortices freeze in once T ∼ TG ∼ Tc − λTc, for which the correlation length is
ξG = ξ(TG) ∼ λ−1v−1 ≫ ξ0.
Once the universe falls below, TG ∼ Tc ∼ v, we therefore expect of order Nstr ∼
(ℓ/ξG)
2 = 1/(ξGH)
2 ∼ (λv/H)2 such strings in a region whose dimension is the
Hubble scale, ℓ = 1/H . The tension of each string is of order T ∼ (λv4) ξ2G ∼ v2/λ,
and so the energy carried by such strings in a Hubble volume is ρstrℓ
3 ∼ NstrT ℓ, or
ρstr ∼ NstrT H2 ∼ λv4. This is to be compared with the total energy density at this
time, ρtot, which satisfies ρtot ∼ T 4G ∼ T 4c ∼ v4 and so the energy fraction invested
3We thank Robert Brandenberger for many useful suggestions on this topic.
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into the cosmic string network according to this estimate is of order ρstr/ρtot ∼ λ≪ 1.
The lifetime of such a string network is similarly set by the rate with which they
chop themselves up into small loops which can then radiate away their energy. This
process is very efficient for gauge-theory strings, which have roughly 100% probability
of breaking and reconnecting when two strings cross one another.
What appears to be required, then, is a string network which is particularly
frustrated in comparison with the string networks which are generated by weakly-
coupled gauge models, inasmuch as it must be more difficult than usual for the strings
to chop themselves up into small loops which can then radiate away their energy.
Interestingly, frustration appears to be a natural feature of the networks containing
D- and F-strings which can arise in brane-antibrane annihilation. It would be very
interesting to determine whether or not such networks can actually come to dominate
the energy density of the universe for sufficiently long times after inflation.
4. A Toy Model
In this section we seek a simple toy model which has several separate inflationary
epochs. We do so in order to understand the nature of the fine-tunings which are
likely to be required in order to embed a multi-step inflationary process into a more
sophisticated string-based framework. We first do so for a simple multiple-scalar
model, and then speculate on how such models might be embedded into the field
theories which have been considered recently within the context of string-motivated
inflation.
For these purposes let us consider a simple multiple hybrid inflationary scenario
produced by the following scalar potential
V = λ21(φ
2 − φ2c)2 + λ22S2φ2 +
m2
2
S2 + g21(χ
2 − χ2c)2 + g22S2χ2 + ... . (4.1)
Such a potential can be motivated in supersymmetric theory, where the vevs are
arising from various D-terms. We may assume more than one anomalous U(1)’s, the
anomaly cancellation via the Green Schwarz mechanism [26] determines the Fayet-
Illiopolous D-terms. The anomaly cancellation can occur at various stages below the
string scale.
With this potential we look only for three bouts of inflation well separated from
epochs of matter domination 4.
4Previous considerations of two bouts of inflation were constructed in a hybrid scenario, see [24,
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Figure 3: ln(a−1H−1) versus ln(a).
For appropriate choices of the constants the inflaton, S, lies along a flat direction
denoted, which slowly rolls down in the potential obtained when the other fields
take approximately constant values, φ ≈ 0, χ ≈ 0, close to their local minimum.
The dynamics of S field then triggers second order phase transition for φ and χ
fields respectively. Let us assume that the vev of the inflaton is sufficiently large,
〈S〉 ∼ Mp, such that
S > Sc =
√
2
(
λ1
λ2
)
φc >
√
2
(
g1
g2
)
χc . (4.2)
With this choice, the fields φ and χ obtain large masses from the vev of S and
therefore they settle down in their local minimum given by φ = 0 and χ = 0.
Their dynamics is then completely decoupled from that of S. The potential along
the bottom of the trough parameterized by S is then given approximately by V ≈
m2S2/2. For values of S ≥ Mp, the first phase of inflation is a chaotic type, which
comes to an end when S ∼Mp. The S field keeps rolling and when S approaches Sc
the first phase transition occurs and then subsequently the third.
After the first phase of inflation the potential is dominated by the false vacuum
25], however in these models second bout of inflation occurs during the second order phase transition
and in some cases with a right choice of parameters the number of e-foldings can be as large as
Ne ∼ O(106) [25].
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Figure 4: ln(H) versus ln(a).
of the φ field,
V ≈ λ21φ4c + g21χ4c +
1
2
m2S2 ≈ λ21φ4c +
1
2
m2S2 , (4.3)
where the latter equality holds when λ1φ
2
c ≫ g1χ2c .
Our potential is quite rich and depending on the choice of parameters many
interesting possibilities can emerge. For the purpose of demonstration how the mul-
tiple inflation works, we have studied the evolution of fields in an expanding universe
with these set of parameters and initial conditions; s0 = 3.0Mp, φ0 = 0, χ0 = 0,
φc = χc = 0.2 Mp, m = 1.0 Mp, λ1 = 1, λ2 = 1, g1 = 0.001, g2 = 1. The vevs
and masses are in Planck units. The resulting dynamics and expansion are shown in
Figs.(4,4,4).
For the above choice of parameters the inflaton field slow rolls until its vev
becomes of order the Planck scale. This is the first phase of inflation. During this
period ln(H−1/a) decreases as shown in Fig. (4). After inflation the S field rolls
fast towards its minimum and on its way down it triggers the dynamics of φ and
then χ field. The dynamics of χ field is triggered after φ, which can be understood
from eq. (4.2), though this is hard to see from the numerical plots. For a brief
period the energy density of the Universe is dominated by the coherent oscillations
of the S field. On average these oscillations mimic an equation of state that of
matter dominated epoch and the energy density redshifts as a−3. During this period
ln(H−1/a) increases as (1/3) ln(t), this can be seen in Fig. (4) and in Fig. (4). The
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Hubble expansion rate drops which is depicted in Fig. (4).
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Figure 5: The field values s, φ, χ plotted as function of ln(a).
As the energy density stored in S field redshifts it catches up with that of the
false vacuum of φ field, and this is the onset of second bout of inflation. Note that in
between the two epochs of inflation there is a possibility that some modes which left
the horizon earlier during the first phase can be reprocessed as they enter the horizon
during the second phase of inflation, see Fig. (2). This puts an interesting constraint
on the number of e-foldings which we derived in our previous section. The dynamics
of the φ field is quite interesting, when the S field started rolling after the end of
inflation it already displace the φ field from its local maximum due to presence of
the coupling g21S
2φ2. However S rolls very slowly towards its global minimum, φc. In
this respect the second bout of inflation is due to slow rolling of the φ field, which is
similar to the case where the second order phase transition happens extremely slowly
studied earlier in ref. [25].
After the second bout of inflation the φ field oscillates coherently and its oscil-
lations dominate the energy density of the Universe before being taken over by the
false vacuum energy density of the χ field. During the φ oscillations the Universe
enters briefly into a matter dominated epoch. This is shown in Fig. (4) as a second
break in ln(H−1/a). The oscillations of φ field can be seen in Fig. (4). The dynam-
ical evolution of the Universe after this phase is solely determined by the potential
created by the χ field. The Universe enters the third epoch of inflation, which is
– 18 –
shown in Fig. (4,4). The comoving Hubble length decreases with time until χ begins
its oscillations.
For other choice of parameters it is possible to show that the S field keeps rolling
while inflation occurs due to the false vacuum of φ field and then by χ field. These
two fields decouple gradually from the dynamics followed by the S field. The full
dynamical analysis of this toy model will be given in a separate publication. It is a
matter of simple extension that our model can predict several bouts of inflation one
after the other followed by the epochs of matter domination.
It is tempting to try to embed this kind of construction into the scalar sec-
tor of the supergravity theories which have emerged recently within discussions of
string-inspired inflationary models. This is of particular interest given the potentially
natural occurrence there of string networks at the end of the first inflationary period.
Perhaps the simplest model of this type to consider is to imagine having an initial
period of brane-antibrane inflation within a warped throat, perhaps along the lines of
explicit models examined in refs. [9, 12]. The success of this inflationary epoch relies
on fairly detailed tuning of the parameters of the inflaton potential, and this tuning
would be less severe if only the 12 e-foldings of inflation found here were required.
Once the initial brane and antibrane have annihilated, their relative displacement
is no longer available to be inflatons within the low-energy effective theory. A simple
way to obtain a second inflationary phase could then be to use a bulk modulus
as an inflaton, along the lines of the ‘racetrack’ inflationary mechanism [7]. This
mechanism also requires fine-tuning of scalar parameters, although we have seen
that only of order 20 e-foldings would be required for this second inflationary phase.
It is an open question whether the fine-tunings required to obtain these two kinds of
inflation can be made compatible with one another.
5. Conclusions
In a nutshell, our conclusions are these: A two-step inflationary process, with an
initial inflationary scale of order V
1/4
I ∼ 1016 GeV and a subsequent scale of order
V
1/4
II ∼ 103 GeV, can take place without having observable effects on those fluctua-
tions which are presently observable on cosmological scales. How much inflation is
required during these two epochs turns out to depend crucially on the equation of
state of the universe during the inter-inflationary phase, as follows.
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• Requiring that the scales which are accessible to cosmological observations leave
the horizon during the first inflationary period implies that this period must
be at least 7 e-foldings long.
• The requirement that the universe expands enough to dilute the energy density
from VI to VII ensures that an enormous amount of expansion occurs during the
inter-inflationary phase. For most non-inflationary equations of state, many of
the modes which leave the horizon by the end of the first inflationary epoch will
re-enter the horizon between the inflationary epochs. For matter- or radiation-
dominated equations of state the requirement that none of the observable modes
get reprocessed in this way implies that there must be at least about 20 e-
foldings of inflation between the exit of the last observable mode and the end
of the first inflationary period.
• Solving the flatness and horizon problems of the late universe needs a total
amount of inflation in both epochs of at least about 32 e-foldings. This number
increases with the energy scale, VII , of the second inflationary period.
• In the special case that the equation of state during the inter-inflationary phase
is that of a cosmic string network, p = −ρ/3, the product aH remains constant
and modes neither enter nor leave the horizon during this phase. In this case
modes sufficiently close to the horizon do get re-processed. In a simple model
we find that that no observable effects for the CMB arise if there are around
5 e-foldings of inflation between the exit of the observable modes and the end
of the first inflationary period. In this case only 7+5 = 12 e-foldings would be
required during the first inflationary period, with a further 20 being required
during the second inflationary epoch.
We have pursued this model as an example of the new and unexpected options
presented to the inflationary model builder by the string landscape. The present
analysis is a first pass at understanding the phenomenology of this two phase model
of inflation, and relies on a number of simplifying assumptions in order to capture the
basic physics of the model. Interestingly, while the use of two stages of inflation means
that this model is much more complicated that many other inflationary scenarios,
it does not depend on carefully tuned numerical coefficients. Indeed, the 10 or so
e-folds of inflation at high scales is roughly the number one finds in the absence of
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tuning for broad classes of inflationary models. Likewise, the 25 e-folds of inflation
needed at the TeV scale for the particular example we consider here is natural in
some contexts, such as locked inflation [15, 16]. Moreover, since the second period
of inflation does not produce the density perturbations we see on the sky, we could
imagine it being produced by a much broader range of mechanisms or potentials than
we could normally consider.
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Figure 6: A sketch of the comoving Hubble scale during a multi-step inflationary process.
We plotted ln(H−1/a) versus ln(a). We assumed inflationary epochs are followed by normal
power law expnasions with n1, n2, .., nL ≤ 1. We also assume that after the final bout of
inflation the Universe is finally settled in a radiation and then in a matter dominated epoch.
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We present a scenario where there are mutiple stages of inflation one after
the other separated by the matter epochs, whose expansions are parameterized by
tn1 , tn2, ..., tnL, with n1, n2, ..., nL ≤ 1. We define the e-foldings during the L
different inflationary periods as
eNI (k) ≡ aI
ak
, eNi ≡ ai
aRH,i−1
, i = 2, 3, ..., L , (6.1)
where ai is the value of the scale factor during the end of the ith phase of inflation
and aRH,i during the end of the ith reheating period.
In addition, we define the number of e-foldings of expansion when the critical
scale leaves the horizon before the end of first inflationary period
eN˜ ≡ aI
akc
. (6.2)
It is now straightforward to generalize eq. (2.3):
k
a0H0
=
akHk
a0H0
(6.3)
=
(ak
aI
)( aI
aRH,I
)(aRH,I
aII
)( aII
aRH,II
)
...
(aRH,L−1
aL
)( aL
aRH
)(aRH
aeq
)( Hk
Heq
)(aeqHeq
a0H0
)
= e−NI(k)
( aI
aRH,I
)
e−NII
( aII
aRH,II
)
...e−NL
( ρL
ρRH
)−1/3(ρRH,II
ρeq
)−1/4( Hk
Heq
)(aeqHeq
a0H0
)
.
Since during the period between i and i+1 phases of inflation, the Universe expands
as a ∼ tni . Hence during these periods, ln(1/(aH)) ∼ (1− ni)/ni ln(a), and therefore
ln
( ai
aRH,i
)
=
ni
2
ln
(Vi+1
Vi
)
. (6.4)
Substituting eq. (6.4) into eq. (6.3), and a careful rearrangement gives
NI(k) +
L∑
i=2
Ni = − ln
( k
a0H0
)
+
1
3
ln
(ρRH,L
ρL
)
+
1
4
ln
( ρeq
ρRH,L
)
+ ln
(√8πVk
3m2P l
1
Heq
)
+ ln(219Ω0h) +
L−1∑
i=1
ni
2
ln
(Vi+1
Vi
)
. (6.5)
We can assume instant reheating after the last phase of inflation, which yields,
ρL,end = ρRH,L. Concentrating on the present horizon scale (we defineNI ≡ NI(a0H0)),
we find
L∑
i=1
Ni = 68.5 +
1
4
ln
( V 2I
VLm4P l
)
+
L−1∑
i=1
ni
2
ln
(Vi+1
Vi
)
. (6.6)
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In comparison to the two-stage inflationary epochs, there is now a set of constraints
arising from the fact that there should be no reprocessing of modes on the scales
probed by CMB experiments. This requirement constraints
ln
( 1
akcHI
)
> ln
( 1
aRH,iHi+1
)
, i = 2, ..., L− 1 (6.7)
or,
ln
(aRH,i
akc
)
>
1
2
ln
( VI
Vi+1
)
, i = 2, ..., L− 1 . (6.8)
The left hand side can be expanded:
ln
(aRH,i
akc
)
= ln
( aI
akc
aRH,I
aI
aII
aRH,I
...
aRH,i
ai
)
= N˜ − n1
2
ln
(VII
VI
)
+NII − n2
2
ln
(VIII
VII
)
+ ... +Ni − ni
2
ln
(Vi+1
Vi
)
= N˜ +
i∑
j=2
Nj −
i∑
j=1
nj
2
ln
(Vi+1
Vi
)
=
1
2
ln
( VI
VII
)
+
i∑
j=2
Nj +
i∑
j=2
nj
2
ln
( Vi
Vi+1
)
, (6.9)
where in the last step we have used N˜ = (1− n1)/2 ln(VI/VII).
Hence, in general we obtain the following set of constraints:
NI > 6.9 +
1− n1
2
ln
( VI
VII
)
i∑
j=2
Nj >
1
2
ln
( VII
Vi+1
)
−
i∑
j=2
nj
2
ln
( Vi
Vi+1
)
, i = 2, ..., L− 1 . (6.10)
In the special case ni = 1, it is easy to see that these constraints are trivially satisfied
(
∑
j Nj > 0).
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